This review of beam-beam effects i n electron and proton colliders is divided into two main parts, the first devoted to electron-positron colliders and the second to proton-antiproton colliders. Both parts start with a discussion of recent observations in existing colliders. The part on electron-positron colliders continues with a discussion of the frequencies of the coherent oscillations of the rigid bunches coupled by the beam-beam forces, and concludes with a discussion of several attempt to understand the nature of the beam-beam interaction theoretically. The part on proton-antiproton colliders continues with an interpretation of the observations in terms of the tune spreads present in the colliding beams, and concludes with a discussion of the observed distribution functions.
Introduction
This review of beam-beam effects in electron and proton colliders consists of two main parts. Chapter 2 contains the discussion of beam-beam effects in electron-positron colliders, and Chapter 3 the discuss i o n of proton-antiproton colliders. Both chapters have their own introductions and conclusions. Chapter 4 contains final remarks. Here, the symbols are defined as follows: re is the classical electron radius, N is the number of particles in a bunch, y is the relativistic factor, By is the vertical amplitude function, ux and uy are the horizontal and vertical rms beam radii, respectively, at the crossing point, f is the revolution frequency in the collider, and k is the number of bunches in one beam (fk is the bunch collision frequency). Both equations are derived under the assumption that the variation of B ux and uy .along the beam direction can be negccted in the neighbourhood of the collision point. This assumption is well satisfied if the bunchlength us is small compared to Bx and By. If this assumption does not hold, the strength parameter cy increases [ l ] , and the luminosity L decreases [2J. The beam-beam strength parameter for horizontal betatron oscillations Sx is obtained from Eq. (2) by replacing By and uy by Bx ands ux, respectively. For Cy + 0, Eq. (2) describes the vertical tune shift for test particles with betatron oscillation amplitudes small compared to ux and uy, and is therefore often loosely called the beam-beam tune shift.
Beam-beam Effect
Eq. (2) may be used to eliminate one power of N from Eq. (l), casting it into a form which shows both limitations on the performance of electron-positron storage rings, (i) the bunch current I and (ii) the beam-beam strength parameter cy, in the approximation ay << ux, and with the electron charge e: (3) An absolute measurement of the quantities entering into Eq. (3) 
Coherent beam-beam effect
The coherent beam-beam effect describes the motion o f the centres of gravity of rigid electron and positron bunches in a storage ring. In the usual approximation, the bunches perform linear oscillations between the collision points, and are coupled by the beam-beam forces at the collision points. Much confusion has arisen because different authors have made different assumptions about the ratio between the number k of bunches in one beam, assumed to be equal to the number .
of bunches in the other beam, and the number of collision points n,:
some authors take nx = k, and others take n, = 2k which corresponds to practical operating configurations. In this paper, I shall use nx = 2k, as in my earlier writings.
2.2.1 Linear theory. If the beam-beam force is linearized, the stability of the bunch motion can be investigated separately in the horizontal and vertical plane, and be reduced to a computation of the eigenvalues of matrices of order 4k which are products of 2k T h i s discrepancy can be understood. The incoherent beam-beam tune s h i f t i s due t o t h e k i c k which a t e s t p a r t i c l e r e c e i v e s when i t t r a v e l s through t h e bunch a t a d i s t a n c e y << U . What m a t t e r s f o r t h e coherent beam-beam tune s h i f t 6 Q y . i s t h e k i c k which a whole t e s t bunch r e c e i v e s when i t t r a v e l s through t h e bunch a t a d i s t a n c e y << uy, obtained b y i n t e g r a t i n g t h e 
t o t h e r e s u l t , i n t h e l i m i t cy + 0:
Qn -Qo nxcy ( 6 )
Nonlinear theory. I n n o n l i n e a r theory, t h e f o r c e s due t o t h e beam-beam c o l l i s i o n s are used t o c o n s t r u c t t h e Vlasov equation o f t h e p a r t i c l e d i s t r i b ut i o n i n a c t i o n -
a n g l e v a r i a b l e s . Averaging over t h e angles, an i n t e g r a l equation i s obtained, i n which t h e r a t i o o f t h e coherent and incoherent beam-beam s t r e n g t h parameters appears as an eigenvalue Ay = fQy/Cy. Expanding i n t o orthogonal polynomials, t h e equation f o r Ay becomes a m a t r i x eigenvalue problem a f t e r t r u n c a - 
I t may be seen t h a t t h e mode does n o t i n v o l v e a s h i f t o f t h e Gaussian d e n s i t y d i s t r i b u t i o n as a whole. Instead, t h e c o r e o f t h e beam o s c i l l a t e s and t h e t a i l s remain p r a c t i c a l l y s t a t i o n a r y .

Beam-beam l i m i t I n t h e e a r l y 1980's, several m u l t i -p a r t i c l e simul a t i o n s o f t h e beam-beam e f f e c t 115, 16, 17, 181 had obtained s a t i s f a c t o r y agreement w i t h experimental data. They a l l used t h e s t r o n g -s t r o n g model i n which t h e beam-beam f o r c e s a c t on b o t h beams and m o d i f y t h e i r motion. T h i s i s i n c o n t r a s t t o t h e weak-strong model where t h e p a r t i c l e s o f t h e weak t e s t beam are s u b j e c t t o t h e f o r c e s o f t h e s t r o n g beam which i t s e l f i s n o t a f f e c t e d b y t h e f o r c e s o f t h e t e s t beam.
More r e c e n t l y , t h e r e has been l e s s a c t i v i t y i n beam-beam s i m u l a t i o n . Instead, t h e r e have been several attempts t o o b t a i n t h e beam-beam l i m i t b y a n a l y t i c a l methods, which I s h a l l discuss now. 
Maps of the second moments of distribution
functions. An ideal solution to the dynamics of two colliding beams must be self-consistent, i.e. the phase-space distribution functions of both beams must satisfy the Vlasov equation at all times, and the forces seen by any particle must be obtained from the distribution function by the Maxwell equation. This formidable problem has been looked at in various approximations.
Hirata 1191 and Furman, Ng and Chao 1201 have studied the one-turn maps for the second moments of the distribution functions in colliding beams. The ingredients of their calculations are:
(i) Beam-beam kicks which are functions of the size of the opposite bunch. Hirata calculates the forces for a Gaussian density distribution. Furman, Ng and Chao assume that the force is linear.
(ii) Radiation damping, described by the decrement 6 << 1 between collisions.
(iii) Quantum excitation which compensates the radiation damping such that an equilibrium is reachedin the absence of beam-beam forces -at the unperturbed beani dimensions.
(iv) Linear transformations with phase advance 2nu between the kicks. In both papers, one beam-beam collision is assumed in a revolution.
In either case, a map is obtained which describes the transformation of the canonical scaled variables (q+, p . ) through one revolution. It is transformed into another map which describes the transformation of the lowest moments <q+'>, <q+p+> and <p+'> through one revolution. This map is non-trivial because it not only operates on the moments, but also contains them in the coefficients.
Since Hirata applies a nonlinear force derived from a Gaussian distribution in phase space, he introduces an inconsistericy with the Vlasov equation into his calculation because a Gaussian distribution in phase space cannot remain Gaussian under the influence of a nonlinear force. Furman, Ng and Chao avoid this difficulty by assuming a linear force, thus ignoring the Maxwell equations altogether. Their approximation only holds for particles with amplitudes small compared t o the rms beam radii. It overestimates the force on all particles, and by a large factor that on particles in the tail of the distribution function at several rms beam radii.
Hirata finds the map for the moments in the case of round beams, Furman, Ng and Chao find it both for round and flat beams. They then proceed to obtain the fixed points with period one, i.e. stationary solutions for the moments which repeat on every revolution. (ii) The damping decrement 6 between collision points, or the parameter X = exp(-26).
(iii) The unperturbed beam-beam strength parameter 5 0 , calculated i n the absence of changes to the rms beam radii.
(iv) The beam shape, flat or round.
An example of results is shown in Fig.3 By iterating the map, Furman, Ng and Chao also find fixed points with period two, three and four which Hirata does not find. This is believed to be due to the different assumptions about the beam-beam force.
Hirata [22] has developed a technique to include higher than the second moments. The results are not very different from his earlier results 1191. [23, 241, who calculated an approximate solution to the Fokker-Planck equation for the stationary particle distribution function. The formalism avoids the secular terms of conventional perturbation theory which cause it to diverge in the neighbourhood of resonances if the perturbation series is truncated after a few terms.
Renormalized theory. A renormalized theory of the beam-beam interaction in electron-positron colliders was developed and implemented by Chin
The formalism is derived in the approximation of one-dimensional motion, i.e. a round beam, and of collisions between a weak test beam with a strong beam with Gaussian density distribution. The result is the distribution function P(1) in terms of the action I for the weak beam. In principle, the knowledge of the distribution function, including its tails, allows to calculate the beam lifetime in the presence of the beam-beam effect, and therefore to establish a relation between the observation in eristing machines that the lifetime suddenly drops when the bean-beam strength parameter 5 exceeds a given value. . ' . 
The formalism i s implemented i n a computer program. An associated t r a c k i n g program allows a comparison between t h e o r y and s i m u l a t i o n . F i g . 4 shows an example o f t h e r e s u l t s i n a r e g i o n o f tune space w i t h o n l y high-order resonances and a r a t h e r h i g h v a l u e o f 5 . The d e n s i t y d i s t r i b u t i o n i s more exponential than Gaussian and t h e agreement between t h e o r y and simulat i o n i s v e r y good. Another c h a r a c t e r i s t i c f e a t u r e o f t h i s t h e o r y i s pedestals i n t h e d i s t r i b u t i o n f u n c t i o n when s t r o n g low-order resonances occur a t a few rms
Zal
Two new machines, TRISTAN and BEPC, came i n t o o p e r a t i o n r e c e n t l y . From t h e p o i n t of view o f beam-beam e f f e c t s , t h e y show no s u r p r i s e s . The coherent d i p o l e beam-beam e f f e c t has been worked on f o r n e a r l y t w e n t y years. There now i s a consensus how i t should be c a l c u l a t e d , and agreement between t h e o r y and observation. Several i n t e r e s t i n g attempts t o e x p l a i n t h e beam-beam have been published. The authors needed d r a s t i c s i m p l i f i c a t i o n s ,
i . e . one r a t h e r than two dimensions, simple forces, l a c k o f self-consistency, weak-strong model, 
t o deal w i t h t h e mathematics. This makes i t d i f f i c u l t t o compare t h e o r y w i t h observations i n e x i s t i n g c o l l i d e r s t o check t h e i r v a l i d i t y , and t o e x p l o i t t h e i r p r e d i c t i v e power. However
Beam-Beam E f f e c t s i n Proton C o l l i d e r s I n t h i s chapter, r e c e n t s t u d i e s o f t h e beam-beam
i n p r o t o n -a n t i p r o t o n c o l l i d e r s are presented. I t i s organized as f o l l o w s : I n Sect. 3.1 r e c e n t observations are summarized which are discussed i n Sect. 3. 2 
i n terms o f t h e tune spreads and d e n s i t y d i s t r i b u t i o n o f t h e beams. I n c o n t r a s t t o e l e c t r o n -p o s i t r o n c o l l i d e r s where t h e c o l l i d i n g beams are f l a t , t h e c o l l i d i n g beams i n p r o t o n c o l l i d e r s are u s u a l l y v e r y n e a r l y round. Assuming t h a t t h i s holds e x a c t l y , i . e . t h a t t h e rms beam r a d i i are equal, ux =
and t h a t t h e amplitude f u n c t i o n s a t t h e co;fislol'points are a l s o equal, Bx = By = B, t h e equations f o r l u m i n o s i t y L and t h e beam-beam s t r e n g t h parameter 5 may be w r i t t e n as f o l l o w s , assuming a l s o t h a t t h e p r o t o n and a n t i p r o t o n beams are equal: 
Recent observations
I n t h i s s e c t i o n I s h a l l summarize r e c e n t observat i o n s i n t h e SPS a t CERN [ 2 5 ] and t h e Tevatron [261 a t Fermilab. Table 2 shows t h e r e l e v a n t parameters and observations o f beam-beam s t r e n g t h parameters i n t h e two machines. I t c a l l s f o r a s e r i e s o f comments:
Part./bunch N/lO1°
Bunch e s / b e am k Norm.emittance E pm Bunch area A/eVs BB s t r e n g t h cx/10-3 BB s t r e n g t h ~~/ l~-~~ Luminosity L/cm-s ~ ~~~~ Table 2 -Parameters of p r o t o n c o l l i d e r s 3.2 I n t e r p r e t a t i o n 3.2.1 Tune spreads. The observations i n t h e SPS and t h e Tevatron agree t h a t t h e tunes must be kept b e tween two resonant values, and t h i s must be done f o r a l l p a r t i c l e s i n t h e beam i n c l u d i n g any tune spread which t h e y may have. Both machines operate i n t h e neighbourhood of t h e c o u p l i n g resonance {QxI={QyI where I . . I denotes t h e f r a c t i o n a l p a r t . The p a r t i c u l a r r e g i o n s sel e c t e d a r e shown i n Table 3 Table 2 . Indeed, i t i s found i n t h e Tevatron t h a t t h e beam e m i ttance E must be l a r g e r than a minimum value and/or t h e bunch i n t e n s i t y N must be s m a l l e r than a maximum value, such t h a t t h e i r r a t i o N/E, which i s p r o p o r t i o n a l t o 5, stays below an upper l i m i t . I n t h e SPS, t h e bunches c o l l i d e i n three, and a r e w e l l separated i n t h e remain i n g n i n e c o l l i s i o n p o i n t s . Hence, t h e t o t a l tune spread AQ = 35. Comparing t h i s t o t h e space between resonances leads t o t h e beam-beam l i m i t 5 = 0.01, w h i l e t h e a c t u a l observed value shown i n Table 2 i s about h a l f as much.
, t o g e t h e r w i t h t h e i r w i d t h and t h e lowest
( i i ) A second source o f tune spread i s t h e d i r e c t space-charge e f f e c t ( L a s l e t t tune s h i f t ) which causes p a r t i c l e s w i t h l a r g e synchrotron o s c i l l a t i o n amplitudes t o experience t h e f u l l tune s h i f t when t h e y are a t t h e c e n t r e o f t h e bunch and h a r d l y any tune s h i f t a t a l l when t h e y are a t t h e head o r t a i l o f t h e bunch. I n t h e SPS, t h i s e f f e c t causes a tune spread AQsc = 0.035 a t t h e i n j e c t i o n energy, 26 GeV. I t i s comparable t o t h e space between resonances and t h e r e f o r e b e l i e v e d t o present an upper l i m i t on t h e bunch p o p u l a t i o n 1251. A c l o s e r look r e v e a l s t h a t t h e d i r e c t space-charge e f f e c t i n t h e approximation o f round beams, n e g l e c t i n g t h e c o n t r i b u t i o n o f t h e momentum spread t o t h e beam s i z e , i s p r o p o r t i o n a l t o t h e r a t i o N/E, c a l l e d t h e beam b r i g h t n e s s a t Fermilab, as i s t h e beam-beam s t r e n g t h parameter 5. Since f o r given N/.E t h e d i r e c t spacecharge e f f e c t scales l i k e y-' i t i s unimportant i n t h e Tevatron w i t h i n j e c t i o n a t 150 GeV.
D e n s i t y d i s t r i b u t i o n s and l i f e t i m e . Observat i o n s a t t h e Tevatron 1261 show t h a t t h e d e n s i t y d i s t r i b u t i o n s o f b o t h p r o t o n and a n t i p r o t o n s are v e r y w e l l approximated b y a Gaussian a t i n j e c t i o n . Once t h e beams are a c c e l e r a t e d and t h e amplitude f u n c t i o n s B squeezed t o a low value, t h e d e n s i t y d i s t r i b u t i o n o f t h e protons remains a Gaussian, w h i l e t h e d i s t r i b u t i o n
o f t h e a n t i p r o t o n s i s h i g h e r i n t h e core, narrower i n t h e f l a n k s , and h i g h e r i n t h e t a i l s than a Gaussian w i t h t h e same area and standard d e v i a t i o n .
Observations a t t h e SPS 1251 show a c l e a r dependence on t h e r a t i o o f t h e p r o t o n and a n t i p r o t o n e m i ttance. In 1987, t h e p r o t o n emittance was about f o u r times t h e a n t i p r o t o n emittance. This n o t o n l y reduced t h e p r o t o n l i f e t i m e a t t h e beginning o f t h e coast t o l e s s than 10 hours, b u t a l s o c r e a t e d i n t o l e r a b l y h i g h background r a t e s f o r t h e physics experiments. I n 1988, t h e p r o t o n emittance was about a f a c t o r o f two s m a l l e r than i n 1987, and t h e emittance r a t i o l e s s than two. W i t h i n minutes a f t e r t h e s t a r t o f a coast, t h e p r o t o n l i f e t i m e increased t o about 50 hours and t h e background became t o l e r a b l e . It should be remembered t h a t t h e l u m i n o s i t y l i f e t i m e i n t h e SPS i s l i m i t e d by intra-beam s c a t t e r i n g 1281.
For t h e SPS, t h i s behaviour i s explained b y t h e presence o f h i g h o r d e r n o n l i n e a r resonances w i t h i n t h e tune spread (5/12 i n t h e Tevatron, 11/16 i n t h e SPS).
T h e i r widths increase w i t h t h e amplitude o f t h e t e s t p a r t i c l e , and t h e maximum w i d t h moves t o h i g h e r amplitudes as t h e o r d e r increases 1271. When t h e emittance o f t h e t e s t beam i s l a r g e r than t h e emittance o f t h e d r i v i n g beam, more t e s t p a r t i c l e s reach dangerous amplitudes than i n t h e case o f s i m i l a r emittances.
Conclusions f o r p r o t o n c o l l i d e r s
Both p r o t o n c o l l i d e r s , SPS and Tevatron, operate w i t h more i n t e n s e and l a r g e r p r o t o n than a n t i p r o t o n beams, such t h a t t h e beam-beam s t r e n g t h parameters a c t i n g on protons and a n t i p r o t o n s , € , + and 5-. are almost balanced f o r t h e SPS, w h i l e f o r t h e Tevatron 5-= 3/2 5+. Both machines e x p l o i t t h e tune space between resonances o f moderate o r d e r : t h e SPS f o r accommodating t h e d i r e c t space-charge tune spread a t i n j e c t i o n , t h e Tevatron f o r accommodating t h e t o t a l tune spread due t o t w e l v e beam-beam c o l l i s i o n s . Therefore, t h e Tevatron i s l i m i t e d b y t h e beam-beam e f f e c t w h i l e t h e SPS i s n o t . The SPS observes t h a t t h e narrower a n t i p r o t o n beam causes losses from t h e t a i l s o f t h e wider p r o t o n beam and a l i f e t i m e r e d u c t i o n , w h i l e t h e o p p o s i t e i s observed i n t h e Tevatron. 
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